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SUMMARY 

This  paper encompasses t h a t  part  of e r r o r  a n a l y s i s  which deals wi th  errors 
r e s u l t i n g  from t h e  in s t rumen ta t ion  used i n  measuring p e r t i n e n t  wind-tunnel 
parameters. The parameters, for t h i s  d i scuss ion  and a n a l y s i s ,  are l i m i t e d  to  
t h o s e  r e q u i r e d  f o r  t h e  wind-tunnel model measurements. The p e r t i n e n t  parame- 
ters ,  t h e i r  s t anda rd  d e v i a t i o n s ,  and t h e  t h e o r e t i c a l  d e r i v a t i o n  of them, are 
given. BASIC programs and plots f o r  t h e  standard d e v i a t i o n s  of dynamic pres- 
s u r e ,  Mach number, and Reynolds number are included f o r  t h e  N a t i o n a l  Transonic  
F a c i l i t y .  A l i t e r a tu re  s e a r c h  was made b a c k  to 1 9 3 4  and it was found t h a t  
in format ion  of t h i s  kind is almost nonexis ten t .  

INTRODUCTION 

In  any successful r e s e a r c h  endeavor, it should be p o s s i b l e  to experimen- 
t a l l y  v a l i d a t e  t h e  r e s u l t s .  I n  a d d i t i o n ,  the  same or o t h e r  exper imenters  
d u p l i c a t i n g  t h e  parameters of t h e  experiment should be able to g e t  t h e  same 
r e s u l t s  w i th in  exper imenta l  error. When t h i s  cannot be achieved, it m u s t  be 
concluded t h a t  t h e  t h e o r i e s  or fo rmula t ions  t h a t  were to be v a l i d a t e d  were 
i n c o r r e c t  or t h a t  large errors of some kind en tered  i n t o  t h e  experiment,  which 
p reven t s  d u p l i c a t i o n  of r e s u l t s  w i th in  t h e  experimental  error. 

I n  numerous reported wind-tunnel measurements, it is i n d i c a t e d  or can be 
i n f e r r e d  t h a t  c o r r e l a t i o n  of measurements between similar tests has n o t  reached  
a l e v e l  of desired cons is tency .  The purpose of t h i s  paper i s  to  de termine  t h e  
e x t e n t  t o  which t h e  accuracy and p r e c i s i o n  of t h e  measuring in s t rumen ta t ion  
c o n t r i b u t e s  to  t h e  t o t a l  error. Though it is  n o t  dea l t  wi th  h e r e i n ,  t he  two 
o t h e r  t y p e s  of errors are t h o s e  in t roduced  i n  e s t a b l i s h i n g  and measuring per t i -  
nent  t u n n e l  parameters and t h o s e  e n t e r i n g  i n t o  t h e  a c q u i s i t i o n  and r e d u c t i o n  of 
data. 

Before any r e s u l t s  can be compared, it is impera t ive  t h a t  t h e i r  accuracies 
and precisiow be reported i n  a c o n s i s t e n t  manner. The major exper imenta l  
errors are e i t h e r  s y s t e m a t i c  or random ( a c c i d e n t a l ) .  Although s y s t e m a t i c  
errors do e x i s t  and occur ,  t h e y  are n o t  s ta t is t ical  and can be c o r r e c t e d  or 
e l imina ted .  Therefore ,  t hey  a re  n o t  f u r t h e r  d i scussed  i n  t h i s  paper. T h i s  
work  assumes t h a t  t h e  errors are random ( a c c i d e n t i a l ) ,  which means t h a t  t h e y  
are v a r i a b l e  i n  magnitude, fo l low no p a t t e r n  in  occurrence ,  and can be e i t h e r  
nega t ive  or p o s i t i v e .  General  r e f e r e n c e s  1 ,  2, and 3 show t h a t  t h e  arithmetic 
mean of t h e  measured va lue  is t h e  one t h a t  most c l o s e l y  approaches t h e  t r u e  
v a l u e  of t h e  measured q u a n t i t y .  The s t anda rd  d e v i a t i o n ,  which is t h e  root- 
mean-square va lue  of  t he  d e v i a t i o n s ,  best desc r ibes  t h e  scatter of the  mea- 
sured va lues  from t h e  mean va lue .  I n  r e p o r t i n g  any expe r imen ta l ly  measured 
r e s u l t s ,  t h e r e f o r e ,  t he  accuracy  (arithmetic mean) and t h e  s t a n d a r d  d e v i a t i o n  
of t h e  mean va lue  G/f i  should be g iven  or t h e  mean and u p r e f e r a b l y  wi th  
n included. When graphing t h e s e  resul ts ,  e i t h e r  set of va lues  s h o u l d  a l s o  be 
shown. I n  t h e  fo l lowing  pages and i n  appendix A it is shown how t o  o b t a i n  



t h e  s tandard  d e v i a t i o n s  of s i g n i f i c a n t  parameters  of wind-tunnel measurements. 
Knowing t h e  number of obse rva t ions  taken to  o b t a i n  t h e  s t a n d a r d  d e v i a t i o n ,  t h e  
s tandard  d e v i a t i o n  of t h e  mean va lue  is ob ta ined .  Fran t h e s e  and t h e i r  mean 
va lues ,  it can be determined where a c c u r a t e  and p r e c i s e  measurements are  more 
c r i t i c a l  and necessary.  
advance t h e  s ta te  of t he  ins t rument  a r t  as w e l l  as t h e  o t h e r  areas involved 
i n  t h e  f i n a l  wind-tunnel data accumulation. 

Th i s  may r e q u i r e  more r e s e a r c h  and developnent  to 

Since t h e  c u r r e n t  problem is a manifold problem, t h i s  paper deals o n l y  wi th  
t h e  accuracy and p r e c i s i o n  of the  measuring in s t rumen ta t ion  being used i n  wind- 
t u n n e l  t e s t i n g  a t  p re sen t ,  t h e  t h e o r e t i c a l  ana lyses  which show where t h e  errors 
are produced, t h e i r  c r i t i c a l i t y  and how they  combine, t he  developnent  of the  
second-order s t ra in-gauge balance i n t e r a c t i o n s  and how they  combine, and why 
higher-order terms are ignored. Then, using t h e  parameters  €or t h e  Na t iona l  
Transonic F a c i i i t y  (hiFj a t  L a i i q l e ~  Research Cznter and the  i ~ c t r m e n t  e r r o r s  
for the  ins t ruments  used i n  t h i s  f a c i l i t y  i n  the  de r ived  formulas ,  the  follow- 
ing  s tandard d e v i a t i o n s  were ob ta ined :  U(Reyno1ds number), O(Mach number),  
a (dynamic p r e s s u r e ) ,  a (normal-force model), a ( ax ia l - fo rce  model) , a (p i t ch ing -  
moment model), a(yawing-moment model), a(rol1ing-moment model), and s u b s i d i a r y  
sigma values  f o r  items such as normal-force c o e f f i c i e n t ,  s ide - fo rce  c o e f f i c i e n t ,  
l i f t  and drag c o e f f i c i e n t s ,  etc. Programs have been w r i t t e n  (see appendix B) 
f o r  the Hewlett-Packard 9830A calculator f o r  o b t a i n i n g  a(Mach number) , 
a(Reyno1ds number), and a(dynamic p r e s s u r e ) ,  and r e s u l t s  f o r  t h e  NTF have been 
p l o t t e d .  Assuming t h e  va lues  for t h e  parameters and t h e  in s t rumen ta t ion  f o r  t h e  
NTF remain unchanged, p o t e n t i a l  u s e r s  of t h e  NTF should  f i n d  t h e  error r e s u l t s  
of t h i s  report use fu l .  If changes i n  t h e  va lues  do occur, t h e s e  can r e a d i l y  be 
t aken  c a r e  of i n  t h e  data s e c t i o n  of t h e  Hewlett-Packard program. 

Use of trade names or names of manufacturers  i n  t h i s  report does no t  con- 
s t i t u t e  an o f f i c i a l  endorsement of such products  or manufac turers ,  e i t h e r  
expressed or implied,  by t h e  Na t iona l  Aeronaut ics  and Space Adminis t ra t ion .  

SYMBOLS 

A 

Ab 

B i  

b 

C A 

CAB 

CD 

CDB 

re fe rence  area 

local area (base)  where Ap acts across base of model 

balance ou tpu t  i nc lud ing  second-order terms: f o r  example, B1 is 
balance normal-force o u t p u t ;  see equa t ion  (11) ( i  = 1 ,  2, . . ., 6) 

r e fe rence  l e n g t h  

ax ia l - fo rce  c o e f f i c i e n t  

base ax ia l - fo rce  c o e f f i c i e n t  

drag c o e f f i c i e n t  

base drag-force c o e f f i c i e n t  
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l i f t  c o e f f i c i e n t  

roll ing-manent c o e f f i c i e n t  

pitching-manent c o e f f i c i e n t  

normal-force c o e f f i c i e n t  

yawing-manent c o e f f i c i e n t  

p r e s s u r e  coef f ic i  e n t  

s ide - fo rce  c o e f f i c i e n t  

mean geometr ic  chord 

s p e c i f i c  h e a t  a t  cons t an t  volume 

a x i a l - f o r c e  component on model 

normal-f orce component on model 

si de- f o r c e  component on model 

j t h  component f a c t o r  i n t e r a c t i n g  to  c o n t r i b u t e  to  i t h  component; 
f o r  example, K1,2 i s  s ide- force  component f a c t o r  i n t e r a c t i n g  
to c o n t r i b u t e  f i r s t - o r d e r  terms t o  normal f o r c e ;  see table  I 
(i = 1 ,  2, . . ., 6; j = 1 ,  2, . . ., 27) 

r e f e r e n c e  l e n g t h  

Mach number 

r o l l i n g  mament 

p i t c h i n g  manent 

yawing mcanent 

number of obse rva t ions  

s t a t i c  pressure 

base s t a t i c  p r e s s u r e  

local s ta t ic  pressure 

s t a g n a t i o n  pr essur e 

free-stream s ta t ic  pressure 

dynamic p r e s s u r e  
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q m  f ree-s t ream dynamic p r e s s u r e  

R Reynolds number 

S re ference  s u r f  ace 

T a b s o l u t e  temper a t  ure 

T t  to ta l  temperature  

c1 angle  of attack 

B s i d e s l i p  a n g l e  

v 1 is t ic  sf specific hea t  of t u n n e i  gas  a t  cons t an t  p r e s s u r e  t o  t h a t  
a t  cons t an t  volume 

I-(t dynamic v i s c o s i t y  

a (  1 s tandard  d e v i a t i o n  

T h e r e  are  s i x  balance components (FA, FN, Fy, Mx, My, and M z ) .  A super- 
s c r i p t  " ( 2 ) "  on any of t h e s e  s u b s c r i p t s  i n d i c a t e s  t h e  second-order term of t h a t  
component. For example, FN(2)  is t h e  second-order term of t h e  normal-force 

component. Any two of t h e s e  components toge ther  i n d i c a t e  t h e  i n t e r a c t i o n  of 
t h e  second term upon t h e  f i r s t .  For example, FNFY is t h e  cross term whereby 
t h e  s ide- force  component c o n t r i b u t e s  to  t h e  normal-force ou tpu t .  

ERROR ANALYSIS 

When cons ider ing  t h e  fo l lowing  s e c t i o n s ,  it should be understood t h a t  smal l  
errors i n  t h e  independent v a r i a b l e s  are assumed i n  t h e  r e s u l t i n g  formulas .  I f  
t h e  e r r o r s  become so l a r g e  t h a t  second- or higher-order  terms are  no t  neg l ig i -  
b l e ,  then t h e  e r r o r s  a r e  der ived  by us ing  h values  and not  e x a c t  d i f f e r e n -  
t i a l s .  I t  is assumed t h a t  random errors are being d e a l t  wi th  whose magnitudes 
are v a r i a b l e  and whose occur rence  is disordered. I t  is also assumed t h a t  t h e i r  
d i s t r i b u t i o n  i s  normal or Gaussian i f  sys t ema t i c  errors are removed and good 
sampling p r a c t i c e s  employed. I n  t h o s e  equa t ions  t h a t  are a p p l i c a b l e ,  t h e  val-  
u e s  used f o r  t h e  c o n s t a n t s  a r e  f o r  a i r .  where d i f f e r e n t  subs tances  are used, 
t h e  appropr i a t e  c o n s t a n t s  f o r  t h a t  subs t ance  should be used. 

The gene ra l  t e x t s  on errors given i n  t h e  r e fe rences  show t h a t  t h e  mean 
va lue  of a measured q u a n t i t y  (assuming random errors on ly )  approaches t h e  t rue  
va lue  of t h a t  q u a n t i t y .  I f  sys t ema t i c  ( b i a s )  errors e x i s t ,  then t h e  mean va lue  
becomes d i sp laced  from its t rue  value and resul ts  i n  inaccuracy .  Sys temat ic  
errors a r e  not  s t a t i s t i c a l  and by d e f i n i t i o n  can be e l imina ted  when t h e y  are 
discovered.  The genera l  r e fe rence  t e x t s  also show t h a t  t h e  root-mean-square 
va lue  of t h e  measured q u a n t i t y  equals its s t anda rd  d e v i a t i o n  from the  mean 
va lue .  The mean value and t h e  s t anda rd  d e v i a t i o n  can thus  d e f i n e  t h e  accuracy  
and p rec i s ion  of a random measurement and should  always be used toge the r  when 
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t h i s  is  done. I f  a f u n c t i o n  f (x ,y , z )  is dependent on t h e  t h r e e  independent 
v a r i a b l e s  x,  y ,  and z ,  t h e  s t anda rd  dev ia t ion  may be ob ta ined  by t a k i n g  t h e  
e x a c t  d i f f e r e n t i a l  of t h e  f u n c t i o n ,  e.g. ,  

I f  df is t h e  d e v i a t i o n  from f ,  then t h e  r i g h t  s ide  of  equat ion  (1) m u s t  be 
t h e  sum of t h e  d e v i a t i o n s  of t h e  t h r e e  independent v a r i a b l e s .  Using superposi- 
t i o n  and t h e  d e f i n i t i o n  of 0, then 

f ( X , Y , Z )  
The mean va lue  of  f is as fol lows:  z = 1 

n =1 n 

T h i s  s e c t i o n  i s  a summary of  t he  s tandard  d e v i a t i o n s  which are  v a l i d  over  
a l l  Mach numbers and assume t h e  u s e  of d i f f e r e n t i a l s  (small errors) .  The deri-  
va t ions  f o r  t h e s e  va lues  as w e l l  as t h e  remainder of t he  balance ou tpu t  errors 
are shown i n  appendix A. 

Standard d e v i a t i o n  f o r  Mach number ( r e f .  4) : 

_-  

Y - 'I\ P 

+ 

( 3 )  

5 



Standard d e v i a t i o n  f o r  dynamic p r e s s u r e  (ref.  4) : 

q = - p M 2  Y 
2 

Standard d e v i a t i o n  f o r  Reynolds number per meter: 

R 
0 - z  

R 

f 

T t L  
+ 

T t 2  

(Equat ion cont inued  on next  page) 
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For a n  i n t e r a c t i o n  c o r r e c t i o n  of a six-component s t ra in-gauge ba lance ,  it 
is assumed t h a t  each component c o n t r i b u t e s  second-order terms and t h a t  t h e  
second-order terms are small. Taking t w o  components a t  a time to o b t a i n  t h e  

second-order terms (refs. 5 and 6 ) ,  resu l t s  i n  6C2 = = 15. F i f t e e n  

cross terms p l u s  6 first-order terms p l u s  6 squared terms r e s u l t  i n  27 terms 
for each of  t h e  6 m o d e l  components ob ta ined  from t h e  s t ra in-gauge balances.  
These terms are l isted i n  t ab l e  I .  The symbolizat ion (see t ab le  I)  of a con- 
t r i b u t i o n  of  side f o r c e ,  f o r  example, on t h e  normal f o r c e  i s  K1 , 2  times Fy 
f o r  t h e  f i r s t - o r d e r  term and K1 8 times Fy for t h e  second-order term. T h i s  
n o t a t i o n  is more e a s i l y  grasped i n  t h e  f o l l m i n g  m a t r i x  equat ions .  Terms 
involv ing  h igher  t h a n  second order are usua l ly  too small to  be s i g n i f i c a n t  and 
w i l l  be ignored.  The balance o u t p u t  column mat r ix  is 

6! 

2! (6-2) ! 

I 

B =  

Normal-f orce o u t p u t  f ran ba lance  
Side-force o u t p u t  f ran balance 
Axial-force o u t p u t  f ran ba lance  
Pitching-manent o u t p u t  from balance 
Yawing-manent o u t p u t  f ran balance 
Rolling-manent ou tput  f ran balance 

~ 

= pi] (i = 1 ,  2, . . ., 6) 
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If w e  l e t  B e q u a l  the  ma t r ix  i n  the  l e f t  column, Y equa l  the  ma t r ix  
i n  t h e  middle column, and Z equa l  t h e  m a t r i x  i n  t h e  r i g h t  column of equa- 
t i o n s  ( 1 2 ) ,  and l e t  K e q u a l  t h e  6 X 6 m a t r i x  and K1 equal t h e  6 x 21 matr ix ,  
then 

B = KY + K 1 Z  

Since  B e q u a l s  t h e  o u t p u t  f r a n  t h e  s t ra in-gauge ba lances  and Y equals t h e  
a c t u a l  loads a p p l i e d  t o  t h e  balance,  so lv ing  for  Y y i e l d s  

~ - 1  KY = K - 1 ~  - ~ - 1 ~ 1  z 

Since K - l K ,  i f  K-I e x i s t s ,  is the  i d e n t i t y  o r  u n i t y  ma t r ix  K - l K  = [l] and 
Y = K'lB - K'lK1Z.  From t h i s ,  U ( Y )  can be obta ined ,  which is t h e  same as 
~ ( F N )  , U(Fy) I  FA) I  MY), ~ ( M Z ) ,  O r  U(MX)* 

Since  o b t a i n i n g  Y is prolonged and t ed ious  and s i n c e  it, as w e l l  as U ( Y )  
is not  a v a i l a b l e  as y e t ,  t h e  developnent i n  t h i s  paper proceeds wi th  t h e  o u t p u t s  
of t h e  s t ra in-gauge  balance components, mat r ix  B and U(B) ,  t h a t  is, U ( B i ) ,  
u ( B 2 ) ,  U ( B 3 ) ,  U ( B 4 ) ,  U ( B 5 ) ,  and U ( B 6 ) .  From t h i s  it is shown how to  o b t a i n  
t h e  extrema and thus  t h e  errors of t h e  Y matrix.  A s  shown i n  equa t ion  (13), 
U(B1) /B1 = f (FN,FY,F~,My,Mz,Mx, the  i n t e r a c t i o n  c o e f f i c i e n t s ,  and measurement 
errors).  S ince  t h e  only  time FN, Fy, FA, My, Mz ,  and MX are known is 
a t  balance c a l i b r a t i o n ,  t he  K f a c t o r s  are obta ined  us ing  known loads having 
known load s tandard  d e v i a t i o n s  and us ing  s ta t i s t ica l  methods f o r  a r r i v i n g  a t  
t h e  e x p e c t a t i o n  va lues  f o r  K and U(K). The measured va lues  of K are 
ob ta ined  by apply ing  t h e  loads s i n g l y  and i n  combination and observ ing  t h e  
e f f e c t s  on and t h e  va lues  of the o u t p u t s  of interest. Once t h i s  in format ion  is 
ob ta ined ,  wind-tunnel measurements can be made. For example, suppose measure- 
ments of t he  ou tpu t  of t he  normal component of the balance are made. If t he  
loads on t h e  model are not  known, a l l  of them may be assumed to  be a c t i n g .  
Each balance component ou tpu t  is then m u l t i p l i e d  by i ts  s e n s i t i v i t y  c o n s t a n t  
which w a s  ob ta ined  dur ing  balance c a l i b r a t i o n .  This  y i e l d s  t h e  uncorrec ted  
balance Outputs ;  i.e., C N B ~ ,  CyB2,   CAB^, h B 4 ,  CnB5, and CZB6. These 
o u t p u t s  are then  corrected by t a k i n g  t h e  products  of t h e  i n t e r a c t i o n  c o e f f i -  
c i e n t s  and t h e i r  uncorrec ted  balance o u t p u t s  and s u b t r a c t i n g  them from C& 
which y i e l d s  a corrected B1. Corrected B 2 ,  B3 ,  B4 ,  B5,  and B6 are 
ob ta ined  i n  t h e  same manner. The process is  r e i t e r a t e d  u n t i l  t he  corrected 
balance o u t p u t s  converge to  a va lue  which is  wi th in  1 percen t  of t h e i r  l as t  
va lue .  With t h e s e  va lues ,  t he  s t a n d a r d  dev ia t ions  of t he  balance o u t p u t s  can 
be found by us ing  equa t ion  (1  3 )  i n  t h e  body of t h e  paper and equa t ions  (A21) 
to (A25) i n  appendix A. Once t h e  c o r r e c t e d  loads are determined, t h e  calibra- 
t i o n  curve shows t h e  corresponding balance outputs .  The p o s i t i v e  and n e g a t i v e  
s t anda rd  d e v i a t i o n s  can be projected o n t o  t h e  c a l i b r a t i o n  and i n  t u r n  o n t o  t h e  
a x i s  f o r  t h e  a c t u a l  load  values .  For l i n e a r  c a l i b r a t i o n s ,  t h e s e  p r o j e c t i o n s  
would show t h e  load s t anda rd  dev ia t ions .  For nonl inear  c a l i b r a t i o n s ,  t h e s e  
p r o j e c t i o n s  would show t h e  extrema from which t h e  errors are obta ined .  I t  is 
impor tan t  to  n o t e  t h a t  a l l  of t h e  i n t e r a c t i o n  c o e f f i c i e n t s  K ,  excluding  sys- 
tematic errors, have r a n d m  errors associated wi th  t h e i r  measurement, and f o r  
t h i s  reason  they  are treated as random va r i ab le s  because they  can vary between 
t h e  extremes set  by t h e i r  error l i m i t s .  
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The standard deviations of B1, B2, B3, B4, B5, and B6 are typified 
by equation (13 ) .  The derivation for 5 ( B 1 ) / B 1 ,  in which all the K factors 
are considered to be random variables, is as follows: 

(Equation continued on next page) 

1 0  



The d e r i v a t i o n s  f o r  U(B2)/B2, o (B3) /B3 ,  U(B4)/B4, o (B5) /B5 ,  and 
/B6 are g iven  i n  appendix A. 
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m u a t i o n s  (12)  are t h e  force-manent e q u a t i o n s  f o r  B l ,  B2, B3, B4, B5, 
and Bg. A t  t h i s  p o i n t ,  s i n c e  w e  have t h e  parameters t h a t  d e f i n e  measurements 
o f  i n t e r e s t  to wind-tunnel r e s e a r c h e r s ,  t h e s e  a r e  summarized. 

Body-axis measurements (ba lance  a x i s )  i f  ba lance  is a l i g n e d  wi th  model 

Axial-force c o e f f i c i e n t  = FA/qS 

Normal-force c o e f f i c i e n t  = FN/qS 

Side-force coeff  i c i e n t  = Fy/qS 

Pitching-manent coeff  i c i e n t  = My/qc 

Anal e me a s  u r em en t s 

St ing a n g l e  

Angle of r o l l  

Angle of s i d e s l i p  

Angle of attack 

S t a b i l i t y - a x i s  c o e f f i c i e n t s  

Drag c o e f f i c i e n t  = f (CA,~L,CDB) = CD = CA cos CL + CN s i n  

L i f t  c o e f f i c i e n t  = f(cN,a,cDB) = CL = CN cos ~1 - CA s i n  

Side-force c o e f f i c i e n t  = f (Cy,f3) 

Pitching-manent c o e f f i c i e n t  = f (G) 

Rolling-mcment c o e f f i c i e n t  = f ( C 2 , a )  = C 2  cos c( + C, s i n  CC 

Yawing-moment c o e f f i c i e n t  = f ( C n , a )  = cn cos a - c2  s i n  a 

Base a x i a l - f o r c e  c o e f f i c i e n t  = h(pb - p,)/qS 

Base drag-force c o e f f i c i e n t  = f(CAB,") = h ( P b  - p,) cos a/qS 

Lift-drag r a t io  L/D 

Plot  of  CL versus  CD 

c p  = (Pz - P,)/q, 

1 2  



Using the preceding list, the standard deviations for these coefficients 
are enumerated in the remaining equations. Where it is believed to be neces- 
sary, the full derivation for obtaining them is given in appendix A. 

CJ(Norma1-force coefficient) = -={TI a(CN) * ( FN) +[TI a(q) -2 + 
(15)  

Normal-force coefficient CN 

a( Side-force coefficient) 0 (FYI 
= - = + [Fr + (16)  

Side-force coefficient CY 

a(Pitching-moment coefficient) u(crn) 
Pitching-moment coefficient c, 

0 (Roll i ng -momen t co ff ici 

a(Yawing-moment coefficient) '(cn) - {5lz) + = - -  - 
Yawing-moment coefficient c, 9 

2 + [-]2 



The s t a n d a r d  d e v i a t i o n s  f o r  t h e  a n g l e  measurements are n o t  d e r i v e d  but  
measured. 
Employing a n u l l  se rvo  system. 
a r e l a t i v e  p r e c i s i o n  of 2 0  = kO.02O and a model a n g l e  of 2 0  = +O.O3O. The 
accelerometer m u s t  be isolated from v i b r a t i o n  which has an a d v e r s e  e f f e c t  on 
it. Tunnel i n v e s t i g a t o r s  would l i k e  to o b t a i n  2 0  = +O.0lo. T h i s  is p o s s i b l e  
to  o b t a i n  but  i s  not r o u t i n e l y  f e a s i b l e  a t  p r e s e n t .  

The technique for o b t a i n i n g  t h e  a n g l e s  is to  use an a c c e l e r a n e t e r  
By t h i s  means a s t r u t  a n g l e  can be measured to 
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Of cour se ,  o the r  factors c o n t r i b u t i n g  independent ly  to any of  t h e s e  s tand-  
ard d e v i a t i o n s ,  such  as t h e  error i n  CD and CL due to  g r i t  e f f e c t ,  i n t e r n a l  
f r i c t i o n  e f f e c t s ,  etc., m u s t  be added in .  FN, FA, a, p t ,  p, and S may be 
dependent on o the r  parameters ,  so t h e i r  e r r o r s  would be formula ted  on more 
fundamental  parameters. This  cont inues  u n t i l  t he  l a s t  d e s i r e d  q u a n t i t y  is 
formula ted  i n  as fundamental a system as desired. The l a t t e r  is u s u a l l y  mass, 
l eng th ,  t i m e ,  temperature, and charge.  Th i s  would be t h e  sugges ted  error- 
a n a l y s i s  format reconunended f o r  u s e  i n  instrument  work .  For wind-tunnel a p p l i -  
c a t i o n  or f o r  any o t h e r  s p e c i a l i z e d  f i e l d  a p p l i c a t i o n ,  the  e r r o r - a n a l y s i s  format 
would be stated i n  terms of b a s i c  parameters  and could be p resen ted  t h u s l y :  

where 

0 (Cy) 

CY 
(Same as eq. ( 1 6 ) )  
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1 /2 

+ yn a r u  (q) + (" sin + (" qSb sin "]U(b) 2]  (30 )  
9 Sb qS2b 
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(35 )  
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L J J 

+ I  I I- I 
L ( F N  COS a - FA s i n  a)  (FA cos a + FN s i n  a ) ]  FA 

f 

Some of t h e s e  formula t ions  can be used immediately and i n  a g e n e r a l  way. 
A s  an example, t h e  N a t i o n a l  Transonic  F a c i l i t y  (NTF), a c ryogenic  t u n n e l  us ing  
n i t rogen  is being b u i l t  a t  t h i s  Center .  T e n t a t i v e l y ,  t h e  fo l lowing  parameter 
l i m i t s  a r e  being used f o r  i ts  design:  
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S p e c i f i c  h e a t  of n i t r o g e n  y~~ a t  one atmosphere . . . . . . . . .  1.4 t o  1.45 

S p e c i f i c  h e a t  of n i t r o g e n  a t  n i n e  atmospheres . . . . . . . . . . . . . .  1.74 

S t a g n a t i o n  p r e s s u r e  pt M = 0.2 t o  1 . O ,  N/m2 . . . . . . . .  8.963 x 1 O5 from 

Mach number . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.2 to 1 . 2  

R/R, m-1 . . . . . . . . . . . . . . . . . . . . . . . . . . .  o t o  3.94 x 108 

9, N/m2 a b s o l u t e  . . . . . . . . . . . . . . . . . . . . . .  0 to 3.352 x IO5 

The t o t a l  temperature  varies from 339 K to t h e  tempera ture  of  l i q u i d  n i t r o g e n  
for t h e  v a l u e  of p t  a t  t h a t  Mach number. 

Using t h e  preceding information,  programs were w r i t t e n  i n  BASIC and run on 
t h e  Hewlett-Packard 9830A c a l c u l a t o r  for U ( M )  , U(q) , and U(R/R). The pro- 
grams are i n  appendix B and t h e  plots of t h e  s t a n d a r d  d e v i a t i o n s  are shown i n  
f i g u r e s  1 to 4. These s t a n d a r d  d e v i a t i o n s  a re  due to  ins t rument  errors only ,  
and o t h e r  independent sources  c o n t r i b u t i n g  t o  t h e  error of  t h e s e  variables must 
be inc luded  to  ob ta in  t h e i r  t o t a l  s tandard  devia t ion .  

DESCRIPTION OF INSTRUMENTATION 

Some of t h e  basic i n s t r u m e n t a t i o n  types whose parameters  are used i n  t h i s  
error a n a l y s i s  are descr ibed .  The error values are real  and were o b t a i n e d  
from t h e  manufac turer ’s  error-band q u o t a t i o n  and f r m  d a t a  o b t a i n e d  from t h e  
instruments .  

The a c o u s t i c  manometer is e s s e n t i a l l y  a U-tube mercury manometer. (See 
f i g .  5.) A sound s i g n a l  is s imul taneous ly  s e n t  through both l e g s  of t h e  manom- 
eter from which t h e  d i f f e r e n t i a l  mercury he igh t ,  and t h u s  t h e  d i f f e r e n t i a l  
p r e s s u r e ,  is obta ined .  T h i s  manometer is used over  t h e  fo l lowing  ranges ,  and 
t h e  errors given by t h e  manufacturers  are shown as 30 va lues :  

1.034 x l o 5  N/m2 < pt < 2.758 x i o 5  N/m2; 

4.826 x l o 4  N/m2 < p < 2.758 x l o 5  N/m2; 

2.758 x IO5  N/m2 < pt < 4.826 x I O 5  N/m2; 

1.931 x l o 5  N/m2 < p < 4.826 x l o 5  N/m2; 

3U = 2.069 x 10’ N/m2 

30 = 2.069 x 10’ N/m2 

30 = 4.137 x lo1 N/m2 

3 0  = 4.137 x 10’ N/m2 

For higher  p r e s s u r e s ,  a fused-quartz  Bourdon tube  gauge is used. (See f ig .  6 . )  
A s  t h e  t u b e  is d e f l e c t e d  by a change i n  pressure ,  it is r e s t o r e d  electromag- 
n e t i c a l l y  to  a n u l l  p o s i t i o n ,  t h u s  minimizing errors. The c u r r e n t  r e q u i r e d  to  
hold t h e  tabe i n  its null p o s i t i o n  is a measure of t h e  p r e s s u r e .  Its 3U error 
is 0.006 p e r c e n t  of f u l l  scale p l u s  0.012 percent  of t h e  reading.  I n  normal 
t u n n e l  o p e r a t i o n s ,  for p r e s s u r e s  g r e a t e r  than 4.826 x l o 5  N/m2, o n l y  one fused-  
q u a r t z  Bourdon tube  type o f  t ransducer  is used whose f u l l  scale exceeds t h e  
estimated t o t a l  t u n n e l  p r e s s u r e .  I n  t h e  NTF, however, t w o  w i l l  be used w i t h  
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f u l l  s c a l e s  of 6 . 8 9 5  x l o 5  N/m2 and 1 . 0 3 4  x l o 6  N/m2. 
a s w i t c h  which w i l l  c u t  t h e  lower pressure ins t rumen t  o f f  j u s t  be fo re  i t s  f u l l  
scale is reached. The data w i l l  be marked a t  t h e  same t i m e  t o  i d e n t i f y  t h e  
record ing  t r ansduce r .  The f u l l  scales of t h e  fused-quar tz  Bourdon t u b e  pres- 
sure t r ansduce r s  s t a r t  a t  6 . 8 9 5  x I O 4  N/m2, and i n c r e a s e  i n  m u l t i p l e s  of ten.  
There a re  also ressure t r ansduce r s  w i th  f u l l  scales which s t a r t  a t  

sure capsules  and s t a y i n g  wi th in  t h e  p r e s s u r e  l i m i t s  of t h e s e  c a p s u l e s ,  any 
f u l l  s c a l e  may be o b t a i n e d  by ad jus tment  of t h e  e l e c t r o n i c s .  

A sensor  w i l l  a c t i v a t e  

1 , 0 3 4  x I O 5  N/m 9 and i n c r e a s e  i n  m u l t i p l e s  of ten .  I n  f a c t ,  u s ing  t h r e e  pres- 

Acoustic manometers have a t  least t h r e e  times t h e  p r e c i s i o n  of t h e  
fused-quartz Bourdon tube type, but  s i n c e  t h e i r  price is more than  t h r e e  
times as high, t hey  are used on ly  when warranted by t h e  p r e c i s i o n  r e q u i r e -  
ments. (Acous t ic  manometers have almost t h e  accuracy  and p r e c i s i o n  of a 

pressures below 4 . 8 2 6  x l o 5  N/m2. For higher p r e s s u r e s ,  fused-quar tz  Bourdon 
t u b e  p re s su re  t r ansduce r s  are a v a i l a b l e  wi th  f u l l  scales of 5.171 x l o 5  N/m2, 
6 . 8 9 5  x l o 5  N/m2, and 1 . 0 3 4  x 1 O 6  N/m2. 
t u n n e l  work. However, t h e s e  in s t rumen t s  can be o b t a i n e d  a t  ve ry  much higher 
f u l l  scales. By t h e  same token, i f  t h e  accuracy  and p r e c i s i o n  of t h e  fused- 
q u a r t z  t ransducer  are adequate,  t h e y  can also be o b t a i n e d  wi th  f u l l  scales of  
6 . 8 9 5  x l o 4  N/m2, 1 . 0 3 4  x l o 5  N/m2, 2 . 0 6 8  x I O 5  N/m2, and 3 . 4 4 7  x I O 5  N/m2. 
T h i s  is a l s o  e s s e n t i a l l y  a static-type t r ansduce r .  

~ r i ~ , = v y  ~i--ndard~) IR t t r n n n l  v . v n v b  3 m n i . n t 4  rn m - m - r r t r r -  --- .---A C-v - - - - * - - ; - I  
_U..AALA "VI. n, ubvuu cab ~ I I ~ ~ A U L I C C C L ~  a L c  uacu LUL IiicaauL L I I ~  

The las t  va lue  is s u f f i c i e n t  f o r  

S t agna t ion  temperature measurements are made with p la t inum r e s i s t a n c e  
thermometers. (See f i g .  7 . )  The o p e r a t i n g  range o f  t h e s e  thermometers is 
from 8 t o  533 K. I n  s t e a d y - s t a t e  o p e r a t i o n ,  = 0 . 3  K. 

The six-component strain-gauge-balance c a l i b r a t i o n  f i x t u r e  is shown i n  
f i g u r e  8. Th i s  f i x t u r e ,  as w e l l  as manual l oad ing ,  is used to  cal ibrate  t h e  
strain-gauge ba lances  and o b t a i n  t h e  c o e f f i c i e n t s  f o r  t h e  i n t e r a c t i o n s  and 
second-order terms. 

RESULTS AND DISCUSSION 

This  d i s c u s s i o n  is  l imi ted  to  some typical r e s u l t s  r a t h e r  than  a l l  t h e  
r e s u l t s  t h a t  can be o b t a i n e d  and is used to  i l l u s t r a t e  what can be done. I t  is 
based on pa rame t r i c  data applicable t o  t h e  NTF. I n  f i g u r e  1, which is a plot 
of O(M) ve r sus  Mach number, O(M)  is dependent on t h e  p r e s s u r e  parameter. By 
us ing  basic r e l a t i o n s h i p s  and d imens iona l  a n a l y s i s ,  and by fo l lowing  procedures 
shown i n  appendix A, O(M) can be w r i t t e n  wi th  dependency on o the r  parameters. 
The sha rp  b reaks  i n  t h e  curves  of f i g u r e s  1 and 2 occur because d i f f e r e n t  types 
of pressure ins t ruments ,  as w e l l  as t h e  same t y p e  wi th  d i f f e r e n t  f u l l  scales, 
are used. S ince  t h e  errors are a f u n c t i o n  of t h e  f u l l  scale of t h e  in s t rumen t s  
used and/or t h e i r  i n d i c a t e d  va lue ,  a break o c c u r s  i n  t h e  error cu rve  when t h e  
pressure t ransducer  is changed. S ince  t h e s e  error c a l c u l a t i o n s  are based on  a 
f i x e d  to ta l  p re s su re ,  t h e  breaks appear when t h e  s t a t i c  p r e s s u r e ,  which is a 
f u n c t i o n  of to ta l  pressure and Mach number, changes to  a va lue  r e q u i r i n g  a 
change of t r ansduce r  range  wi th  a cor responding  change i n  error va lues .  I t  is 
appa ren t  t h a t  t h e  g r e a t e s t  absolute errors i n  Mach number occur a t  t h e  l o w  
Mach numbers. T h i s  is appa ren t  frcin t h e  r e l a t i o n s h i p s  i n  equa t ion  ( 4 )  and 
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p = pt ( l  + M2/5)-7 /2 ,  and from the  e r r o r s  i n  p and pt a t  d i f f e r e n t  Mach 
numbers. It would be p r e f e r a b l e  no t  to  t r y  to  i n t e r p o l a t e  v a l u e s  f o r  pres- 
sures not  plotted, because of  t h e  instrument error changes w i t h  p r e s s u r e  range. 
I n s t e a d ,  c u r v e s  should  be plotted f o r  any a d d i t i o n a l  t o t a l  p r e s s u r e s  of i n t e r -  
est. The p rev ious  comments also apply  to f i g u r e  2, which is a plot of a(q) 
v e r s u s  Mach number f o r  va r ious  total p res su res .  I n  f i g u r e  3, which is a plot 
of a(R/!L) v e r s u s  Mach number a t  a temperature of 77.8 K ,  t h e  g r e a t e s t  abso- 
l u t e  errors are encountered a t  t h e  h i g h e s t  Mach numbers and i n c r e a s e  wi th  
higher t o t a l  pressures. 

It is p r o f i t a b l e  to  examine t h e  s tandard-devia t ion  e q u a t i o n s  i n  t h e  body 
of t h e  paper because t h e y  are a l g e b r a i c .  Discrete p o i n t s  of error bu i ldup  can  
t h u s  be p inpo in ted  to  l a r g e  m u l t i p l y i n g  c o e f f i c i e n t s .  
v e r i f i e d  w i t h  actual  numerical  va lues .  Time can then  be more e f f i c i e n t l y  
a l lot ted f o r  f i n d i n g  t h e  means of e l imina t ing  or reducing  t h e s e  l a r g e  sources 
of error. Examination of equa t ions  (13) t o  (18) shows t h a t  second-order terms 
as w e l l  as terms produced by i n t e r a c t i o n s  increase t h e  errors i n  t h e  s t r a i n -  
gauge-balance o u t p u t s .  I n  a d d i t i o n ,  t he  e r r o r s  made i n  measuring t h e  i n t e r a c -  
t i o n  c o e f f i c i e n t s  i n c r e a s e  t h i s  e r r o r  s t i l l  more. Errors of t h i s  t ype  resul t  
i n  non l inea r  c a l i b r a t i o n s .  There are o t h e r  c a u s e s  for producing non l inea r  
c a l i b r a t i o n s  bu t  t h e s e  can u s u a l l y  be isolated. When n o n l i n e a r i t i e s  a t t r i b u -  
table  to  t h e  aforementioned causes  are found, t he  product ion  sources s h o u l d  be 
a t t e n u a t e d  w i t h i n  t h e  bounds of d e s i r e d  accuracy and p r e c i s i o n  and t h e  l i m i t s  
imposed by t h e  s ta te  of  t he  a r t .  

These p o i n t s  can be 

F igure  4 shows t h a t  t h e  s t anda rd  dev ia t ion  o b t a i n e d  f o r  Mach numbers us ing  
o n l y  fused-quar tz  Bourdon tube p r e s s u r e  t r ansduce r s  of d i f f e r e n t  f u l l  scales 
g i v e s  2 to  3 . 5  times t h e  error o b t a i n e d  i n  f i g u r e  1 ,  where d i f f e r e n t  t y p e s  of 
pressure t r a n s d u c e r s  were used. 
able l i m i t s  f o r  most r e s e a r c h  t e s t i n g .  

These l a r g e r  errors st i l l  f a l l  w i t h i n  accept- 

Equations (13) and (24) to  (28) g i v e  the  r e l a t i v e  errors f o r  t h e  s t r a i n -  
gauge-balance o u t p u t s .  
some r e s e a r c h e r s ,  t h e  actual loads and t h e i r  errors are probably  t h e  more 
desired informat ion .  T h i s  in format ion  can be o b t a i n e d  f r m  t h e  c a l i b r a t i o n  
curves  by f i n d i n g  t h e  load corresponding t o  t h e  ba lance  o u t p u t  and app ly ing  
t h e  sigma va lues  to o b t a i n  t h e  extrema of t he  loads. The e x p l i c i t ,  t h e o r e t i c a l  
s o l u t i o n  f o r  t h e  a c t u a l  loads is  mitted i n  t h i s  paper because it is b e l i e v e d  
t h a t  i t  more p r o p e r l y  belongs i n  a paper dea l ing  wi th  t h e  s t ra in-gauge  ba lances  
alone. These same equa t ions  show also t h a t  s i n c e  t h e  K c o e f f i c i e n t s  appear 
everywhere as m u l t i p l i e r s  and are used i n  the  i t e r a t i o n  process, it is neces- 
s a r y  t h a t  t hey  be determined w i t h  a high degree of  conf idence  i n  accuracy  and 
p r e c i s i o n .  

Although t h i s  may be t h e  desired end informat ion  f o r  

CONCLUDING REMARKS 

The w o r k  h e r e i n  r e p r e s e n t s  a beginning to a s y s t e m a t i c  approach t o  error 
a n a l y s i s  f o r  measurement in s t rumen ta t ion  for t h e  N a t i o n a l  Transonic  F a c i l i t y  
(NTF), which is located a t  t h e  Langley Research Center .  
e a s i l y  a p p l i e d  to any wind-tunnel measurements. 
thorough s e a r c h  of t h e  l i t e r a t u r e  back to 1934 r evea led  almost no such  w o r k .  

Th i s  w o r k  can be 
I t  w a s  long  overdue i n  t h a t  a 
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A l s o ,  the  w o r k  t h a t  w a s  found c o n s t i t u t e d  o n l y  a very  small  part of t h e  e f f o r t  
being undertaken. Again, i t  is ve ry  s imple to app ly  t h e  error a n a l y s i s  of t h i s  
paper t o  almost any ins t rument  measurements. However, throughout t h i s  w o r k  
randan e r r o r s  are assumed; t h a t  is, t h e r e  i s  j u s t  as much l i k e l i h o o d  of t h e  
errors being negat ive  as p o s i t i v e .  They are v a r i a b l e  i n  magnitude and d is -  
ordered i n  occurrence.  I t  is also assumed t h a t  sys t ema t i c  errors are removed 
and good sampling p r a c t i c e s  employed. 

P e r t i n e n t  wind-tunnel parameters ,  t h e i r  s t anda rd  d e v i a t i o n s ,  and t h e i r  
t h e o r e t i c a l  d e r i v a t i o n  are given as are BASIC language computer programs and 
plots f o r  o b t a i n i n g  t h e  s t anda rd  d e v i a t i o n s  of  Mach number, dynamic pressure, 
and Reynolds number versus  Mach number for the  NTF. These s t anda rd  d e v i a t i o n s  
are f o r  t h e  instrument  c o n t r i b u t i o n  only .  It can be determined from t h e  equa- 
t i o n s  and graphs which parameters are producing t h e  l a r g e s t  errors or undesir-  

i n s i g n i f i c a n t .  
able errers  and take the nscessxcy steps f a  minimizing thorn or making them 

F i n a l l y ,  t h e  author  has noted t h a t  i n  many t e c h n i c a l  w r i t i n g s  and i n v e s t i -  
g a t i o n s ,  t h e  measurement errors are not  reported, or are e r roneous ly  reported, 
p a r t i a l  e r r o r s  are r epor t ed  as to t a l  errors, or f o r  whatever reason,  t h e  errors 
are glossed.  The au thor  hopes t h a t  t h i s  w o r k ,  i n  some way, w i l l  encourage 
i n v e s t i g a t o r s  to  ana lyze  t h e i r  measurements, isolate and e l i m i n a t e  errors t h a t  
have no r o l e  i n  statist ical  measurement, f i n d  t h e  causes of and minimize t h e i r  
s t a t i s t i c a l  errors when p o s s i b l e ,  and, f i n a l l y ,  report t h e i r  f i n d i n g s  ( t h e i r  
measured va lues )  w i t h  t h e i r  a p p r o p r i a t e  related errors. 

Langley Research Center  
Nat iona l  Aeronaut i cs and Space Admini s t r a t i  on 
Hampton, VA 23665 
November 1 3, 1 979 
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APPENDIX A 

DERIVATIONS O F  STANDARD DEVIATIONS OF PERTINENT WIND-TUNNEL PARAMETERS 

D e r i v a t i o n  of o ( M )  for  A l l  Mach N u m b e r s  

-1 /Y 
dM = -[-( 1 2 P t - P  + 1) 

b](dpt - dg) 2M Y 
(A51 
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APPENDIX A 

From equa t ion  (7 )  

Der iva t ion  of q Over Compressible and Incompress ib le  Range 

YpM2 

2 
q = -  (From r e f .  4 ,  p. 4, eq. (31b) )  

l n q = ( l n y + l n p + 2 l n M )  - I n 2  
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APPENDIX A 

(A1 4b) 

Derivations of R e y n o l d s  Number i n  U.S. Cus tomary  U n i t s  

(1 .4-2) / (1 .4-l } 
1 . 4  /Tt \ 

f t 2  T t  

sec2-OR 
(1 .4  - 1 ) 4 2 9 0  

R 

R 
- =  

-3 /2 
(2.8563 x 

sec)[p)2D] f t  

P t  

- -  
lb-sec \ T t 1 l 2  ( T t 3 i 2  

2.270 \ x 10-8 
\T t  + 198 .6 /  f t 2  

T t  X 

T t  + 1 9 8 . 6  

(A1 6 )  

( E q u a t i o n  (Al6)  c o n t i n u e d  o n  next  page) 
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APPENDIX A 

The o n l y  noncancelable  dimensional  i t e m  is 
Ib/ft2/OR, then Reynolds number is i n  f t ' l .  
va t ion  proceeds i n  t h e  same manner. The 198 .6  is a tempera ture  i n  degrees  
Rankine and m u s t  be changed to  degrees  Kelvin to g e t  a d imens ionless  ratio. 
This  conversion y i e l d s  

p t / T t .  If t h i s  item is i n  
I n  t h e  metric system, t h e  deri- 

1 

4.4482 N / l b  
X (0.3048 m/ft) 

S ince  r e fe rence  4 used t h e  U.S. system and t h e  c o n s t a n t s  con ta in  degrees  
Rankine, when metric is used, an uncompensated T t  i n  t h e  denominator i s  i n  
degrees  Kelvin and mus t  be changed to  degrees  Rankine to correlate. Therefore ,  

Der iva t ion  of Reynolds Number  i n  S I  Uni t s  
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X 

(A1 8) 

+ 

(Equation (Al9) continued on next  Wac\ 
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T t 3  

+ 

1 T t  + 220.66 

(Equation ( ~ 2 0 )  continued on next  page) 
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\ l2 

, ($1 

Deriva t ion  of Remaining Standard Devia t ion  of Strain-Gauge Balance Outputs  

2FAK2, 9 + FNK2, 1 4 

(Equat ion (A211 cont inued  on nex t  page) 
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APPENDIX A 

(K2,4 + 2MyK2,10 + F ~ K 2 , 1 5  + FyK2,19 + FAK2,22 + MZK2,25 + k K 2 , 2 6 l 2  

2 2 2 2 
F#yK2,15 (3 (K2,15) Fd%K2,16\ a(K2,16) ( *2 ) [ K2,15 ] + ( B2 / [ K2,16 ] 

(Equation (A21) con t inued  on  nex t  page) 
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(Equation (A22) cont inued  on nex t  page) 
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2 2 2 

+ ( B3 )'[ K3,g ] + r2::"") Fri2K3,9 U(K3,9)  

. K3,10 1 

(Equation (A221 cont inued  on next  page) 
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2 2 2 2 
F ~ Y K 3 , 1  5 (K3,15) Fd%K3, 1 6 (K3,16) 

+ ( B3 ) [ K3,15 ] + ( B3 ) [ K3,16 ] 
2 2 2 

F ~ X K 3 , 1  7 (K3,17) FYFAK3,18 “(K3,18) 

+ (  B3 f [  K3,17 ] + ( B3 ) [ K3,18 ] 

2 2 2 2 
FYMXK3, 21 (K3,21) FAMYK3, 22 (K3, 22) 

+ ( B3 ) [ K3,21 ] + ( B3 ) [ K3,22 ] 
2 2 2 2 

FAMZK3, 23 (K3, 23) FAMXK3, 24 (K3, 24) 

+ (  B3 [ K3,23 ] + ( B3 ) [ K3,24 ] 

( Q u a t i o n  (A231 con t inued  
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2 
+ MXK4,21) 

h K 4 , 1  9 

on  nex t  page) 
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(Quat ion  (A231 continued on next  page) 
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FNFyK 4 , 1 3  

+ (  B4 i 
.. 

(F#XK4 , 1 7 \I’ 
+ \  B4 1 

n 2 2 2 

+ ( B4 ) [ K4,20  ] FYMZK4 I 20 (J (K4 I 20) 

FAMZK4 , 23  

B4 1 K4, 23 

2 

I’ ‘a (K4,26) 

. K4,26  
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( m u a t i o n  (A24) continued on  next  page) 
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CI 

e 

a (K5,l 0) 

K5,1 0 

(Equation (A24) con t inued  on nex t  page) 
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2 2 2 2 

[ K5,25 ] + ( B5 ) [ K5,26 ] M@ZK5, 251 a(K5,  25) MYMXK5, 26 a(K5, 26) 

+ ( B5 

(K6,4 + 2MyK6,lO + F~K6,15 + FyK6,19 + F~K6,22 + MZK6,23 + \  

+ FNK6, 17 + F~K6, 21 + FAK6, 24 + 

( m u a t i o n  (A25)  con t inued  on nex t  page) 
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I’ (K6, 3) 

K6, 3 

t r g E 6 , 1 9 r  [“‘““.19) 

K6,1 9 

2 2 
FYMZK6, 20 ‘ (K6, 20) 

+ ( B6 ,’[ K6,20 ] 

( Q u a t i o n  (A25) con t inued  on  nex t  page) 
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FAMZK6 , 23 

( ' 6  f 
( ~ $ 4 2 ~ 6 ,  25\L 

I' a(K6 ,  21 

. K6,21 

2 
b (K6 ,  23) 1 

I 

. K 6 , 2 3  J 

2 
b(K6,  25)  1 

I I I  I 

\ '6 / 1 K 6 , 2 5  1 

(MZMXK 6 , 2 7  

\ *6 / 

2 2 
FAMYK6,22 a (K6 ,  22) ( '6 ) [ K 6 , 2 2  ] 

2 2 
F#XK6, 24 ( K 6 ,  24) ( '6 ) [ K 6 , 2 4  ] 

2 2 
MY'XK6, 26 u (K6 ,  26)  ( '6 ) [ K 6 , 2 6  ] 
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TYPICAL BASIC PROGRAMS FOR OBTAINING SOME STANDARD DEVIATIONS FOR 

WIND-TUNNEL MEASUREMENTS 

4 2  
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TABLE I .- LOAD CORRESPONDING TO A GIVEN SUBSCRIPT 

Load 

FN 

FY 

F A  

MY 

MZ 

MX 

FN2 

FY2 

FA2 

MY2 

MZ2 

MX2 

FNFY 

FNFA 

1 1  

- -  II Mad 

Load denoted by 
subscr ip t  - 

FNMy 

FNMZ 

FNMX 

FYFA 

FyMY 

W Z  

FAMY 

FAMZ 

FAMX 

MyMZ 

MYMX 

Load denoted by 
subscr ipt  - 

15 

16 

17 

18 

19  

20 

21 

22 

23 

24 

25 

26 

27 
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Y 
! 
I 
I 

JJ 
C 
a, 
LI 
a, w w 
-A 
5 

P 
C 
-4 
m 
3 
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F 

7 CJ 

I 

m - 

1 
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al 
rl 
Id 

rn c 
H 

cv 
U 
u-l 

l-4 

a 

cv 
U 
CCI 

rl 
a 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
o o o o o o o l o c v w c v w c v w c v w w  
w * N * * c v m t Y m - m l - m F m F l -  
F * b * * b w b * c v * c v * c v * c v c v  
N F  F -  

.... - ....... 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
c v c v c v o o o o o l c v c v c v c v ~ N w w w  
b b b m m m m m m m m m m m 7 l - -  

In 
0 
7 

X 

. . . . . . . . . . . . . . . . .  
m m m I n m I n I n o l c v c v c v c v c v c v - - -  

'D 
al 
'D 
3 
d u 

u 
I 

* 
al 

P 
a 

8 

Y 
-4 
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F i g u r e  5.- A c o u s t i c  U-tube mercury p r e s s u r e  manometer. 
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